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Abstract. In this paper we obtain the equations of shear-free motion of particles in a
gravitational field in a form suitable for easy derivation of the corresponding integrability
conditions. The results generalize those of Pirani and Williams in a similar study of rigid
motions. We apply our results to the dynamics of a perfect fluid.

1. Introduction

There is currently some renewed interest in shear-free motion in the context of general
relativity. Following thermodynamic considerations Treciokas and Ellis (1971) have
obtained some interesting results on shear-free perfect fluids with certain specified
equations of state.

Pirani and Williams (1962) derived integrability conditions for rigid motions. They
found that the rigidity condition in general relativity associated with it a space-like
three-space which is just the quotient space of space-time over the world lines. We find
that this result may be extended to the case of shear-free motion where the quotient space
is obtained not from space-time but from another space conformally related to it.

In§ 2 we consider the equations for shear-free motion and obtain a number of lemmas
which follow from the shear-free requirement. Integrability conditions for shear-free
motion are derived in § 3 and we apply our results to perfect fluids in § 4 obtaining ex-
plicitly a set of ‘selected variables’. There is a brief discussion of the results in § 5.

2. The equations of shear-free motion

The covariant derivative of the four-velocity vector u, associated with a congruence of
time-like curves may be decomposed in the usual way as follows (Ehlers and Kundt
1962)

Ugp = Vi, = Dap+ Tap + 50h, — a1y (2.1)
where

Wgp = Upg 51 T Upalleys Oap = Uiy by + Uialipy — 30Hap,
hap = 8ap+ tghy, %, = Uyt 0=u", and ugl® = —1. (2.2)

Here Latin indices range and sum over 1, 2, 3, 4. The motion of a continuous medium
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or a system of particles is said to be shear-free if and only if for its world lines the velocity
of shear o, vanishes:

O = 0. (2.3)
If in addition the velocity of expansion 6 vanishes, the motion is said to be rigid:
6,=0=20. (2.4)

Pirani and Williams (1962) showed that the equations (2.4) are equivalent to the
requirement that the projection tensor h,, be Lie transferred along the world lines:

£h,, =0, (2.5)

where the Lie derivative of an arbitrary tensor X, over a vector field v is defined as

’EXabc = XabcHdvd +vf 1aXap Udu pXad — Hanbd' (2.6)

For other formulae on Lie derivatives see for example Yano (1955). In this paper all
Lie differentiation will be over the velocity vector u® and in what follows we simply
write £ for £,.

We may easily show that a motion is shear free if and only if

£h,, = %6h,,. (2.7)
This may be written in the form
£(e*®h,,) = 0, £p =—136 (2.8)

where ¢ is a scalar. We shall see that this form is particularly suited to the derivation
of the corresponding integrability conditions.
Under the shear-free conditions it may be shown that

£, = Léy,— wp ot + 300, (2.9)
and
£wab = J_(bab+%0wab (2.10)

where the tensor X,,° = X, ' and 1X,,° = hihihiX "
It is always possible to adapt the coordinate system in such a way that the proper
time s becomes the new coordinate x* so that

0x*®

Os

where the symbol = indicates that the equation is valid in the adapted coordinate
system but need not be so in general. For an arbitrary tensor X5,

ua

£ 93, Uy = 8o Uy = gqq = —1 (2.11)

LXG:. 20
and
cd... = 5 cd...
£Xab.,. = Wxab’.. (212)

In this coordinate system we therefore have the following theorem.

Theorem. A necessary and sufficient condition for a space-time to admit a shear-free
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motion is that there exists an adapted coordinate system with respect to which the
components h,, satisfy the equations

8 L0
573(6%%hy) £ 0 with a_:% = —1p, (2.13)

where Greek indices range over 1, 2, 3.

We see from (2.13) that, provided ¢ satisfies the second equation, e*h,; is a non-
singular matrix which depends only on the three space coordinates x* and hence we
may regard it as the metric of a three-dimensional riemannian space which is just the
quotient space of the four-dimensional space with metric e?%g,, over the world lines
associated with u”. We may define the metric §,; of the three-space 14 by

Bup = €%%h,y, with g & e~ 29g (2.14)
so that g,, $#7 2 §7. The corresponding riemannian connection is given by
zﬂ = r (0385 +04|a— hagh” ¢|a) (2.15)

where [ 3 18 the riemannian connection computed from the tensor h,; and ¢\, = d¢/0x*.
We prove the fo]lowmg lemmas with the aid of the adapted coordinate system and
the quotient space ¥ of the shear-free space-time.
Lemma 1. Let X, be any vector field in a shear-free space-time V such that
Xu*=0 and £X,=0. (2.16)

Let % denote the covariant derivative operator in V. Then in the adapted coordinate
system

VX, = LAX, (2.17)
where A; is the covariant differentiation operator defined by

ApX, E VX, — (01 L)+ 3L, —hgh”’ L)X, (2.18)
and Lo, = ho,.

Proof. In the adapted coordinate system the equations (2.16) become

a *
X4=0, 5:’<_4Xa=0

and hence X, is a vector field in V. From its definition and (2.15)
VX, 2 V,X,— (016, +0)b1a— hughd )X
where
Vex, 2 0,x,-T1,X,.
We may also show that
LV,X, =V, X, —46(8ius + Shu, — hyghu) X ,.
The lemma follows from these equations since L¢, = ¢, —30u,.
Lemma 2. If any vector X, satisfies the conditions of lemma 1 then
£1A,1X,=0, (2.19)
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where the generalized covariant derivative A, is defined by
AX, =V, X, - DX,
and
O}, = B L+ ML —hauh Py (2.20)

Proof. Since X, is a vector field in V and Vﬂ is the covariant derivative operator in v,
VBX is a tensor field in ¥ and hence

%%x, 0.

It follows from lemma 1 and (2.12) that
£ELAX, =

so that
£1A,X, =0

Since this is a tensor equation valid in one coordinate system of V it is valid in every
coordinate system and the lemma follows.

Similar results may be obtained for a scalar field y for which £ = 0. Furthermore
one may show that when the conditions of lemma 1 are satisfied the following extensions
of lemmas 1 and 2 are true:

VV,X, 2 LA LAX, (2.21)
and
£1ALAX, =0 etc. (2.22)

More generally one may prove-the following lemma.

Lemma 3. Let V be a shear-free space-time and let X%%¢ be a tensor field in ¥ which

ai...ap
is orthogonal to u® on each contravariant and covariant index. If in addition
£X5ibe = 0,
then
LELA XS0 =0, (2.23)

where differentiation with A, is defined by an obvious extension of the definition in (2.20).

3. Integrability conditions for shear-free motion

We now set out to find compatibility conditions for a given riemannian space-time to
admit a shear-free motion. In doing this we assume that the metric tensor g,,, its affine
connection {¢,}, Riemann tensor R, and all its derivatives are given. The condition
for shear-free motion

Uea by + U gthyy— $0h = O 3.1)

is then an equation involving u, and its first covariant or partial derivatives. We therefore
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search for a set of variables to be called ‘selected variables’, obtained from u, and its
derivatives, whose first covariant or partial derivatives may be expressed algebraically
in terms of the chosen variables. For this process we need to derive and make use of the
integrability conditions for (3.1).

Since there are only five independent equations in (3.1), it is not possible to solve
algebraically for the twelve first covariant derivatives u,, in terms of u, and the geometric
quantities g5, Rupeas Rapea)jer €tc. We may adjoin to the variable u,, the first covariant
derivatives w,,, @, and 6. We then set out to obtain integrability conditions for this
augmented set of variables namely u,, w,,, o, and 6. Referring to these variables for the
moment as our selected variables we now have ten selected variables.

From equation (2.1) we see that the first covariant derivatives of u, are already
expressed algebraically in terms of the selected variables. By differentiating covariantly
the relation &, = u,,.4° and using the Ricci identity together with the shear-free con-
dition we obtain

. k k
Uy e = Do+ §0Mpe— Byt + 0y 0y — kU, — a0,
+ %ea)b: + éezhbc + %oubac - Rbsckusuk . (32)
By a similar procedure for w,, we obtain

— g 2 k
Dgpllc = — Woplhe— 516 1 [ahb]c — W+ 20‘[awb1c - 2u[awb]kw <
- %Gu[awbk - J'Rabckuk (3.3)

The equation (3.2) contains on the right-hand side the terms @, 8, &, while (3.3) has
@, and L6,,. These new terms are derivatives of our selected variables and hence must
be eliminated from the right-hand side of the equations. To do this we use the integra-
bility conditions for the equations (3.2) and (3.3).

One may show that the integrability conditions for (3.2) are identically satisfied
while those of (3.3) are not. To obtain these, instead of direct computation which is
tedious, we proceed as follows.

Let V be a shear-free space-time and let X, be an arbitrary covariant vector field
lying in the rest space of the world lines in V. In addition, let X, be Lie transferred along
each world line. The equation (2.22) £LA 1A, X, = 0 follows. Our first integrability
conditions are obtained by antisymmetrizing the indices b and ¢ in this equation which
on simplification reduces to

X£ELER o+, ||[b“d jo—u la¥at V[ﬂ"c’]a + (D:[c(b‘;]e} =0. (3.4)

Since X, is an arbitrary vector in the infinitesimal three-space orthogonal to u,, we
conclude that

LEL{—3R s+ U, [b“d ey — U fa¥at V4, — 0505} = 0.
This may be put in the convenient form

£(e*K gpea) = 0 (3.5)
where
Kiped = LRppes+ 30004+ 30% oy chgyy — 2Roq L& g+ PyeL @) 10)

+ 2(hoa L &1L D+ Py L Lo — Bipcha b 1. (3.6)
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Written explicitly in terms of the expansion term 6 instead of ¢ we have the condition
(£—30)(LRopea+300ca)
= - %LO Ha(dhc]b - %J‘BH b[chd]a - %‘LH Haa[dhc]b - %L BH ba[“hd]a
=310 uhopta— 310, hapt,— %Géha[dhc]b
- %ewakw{‘[dhc]b - %gwbkw{c[chd]a
+ 300U R qahers + 3001 R i P (3.7)

This equation reduces on putting 8 = 0, to one of the integrability conditions for rigid
motion obtained by Pirani and Williams.
Application of lemma 3 to (3.5) leads to the integrability conditions

£LA (%K e0) = 0, (3.8
and repeated applications may be used to obtain more integrability conditions
£LA, LA (e**K jpes) = 0,.. . etc. (3.9)

The integrability conditions (3.5), (3.8), (3.9) may be §hown to be the requirement that
the Riemann tensor for the three-dimensional space V should satisfy the equations

o S R O T
and so on.
Further integrability conditions obtained from (3.5) by contraction are
£K,; =0, K. = 8K sac: (3.10)
and
£(e"*K) =0, K = g“K,,. (3.11)

In terms of 8 these equations are
E(LRyy+ R gt — 30 ,4,0%,)
=310, +3L10,,0,+ %Bwakwkd —30R pyuu*

+ (R0 + 20, , 0+ $00 — 3000, — SR u'uhg, (3.12)
and
£(R+ 2R uu* + 3w 40%)
= $h™0, 4 +580, 0" + 300 — L0 0% — 36R — $6R uuk. (3.13)

They also reduce to the rigid case on putting 6 = 0. Lemma 3 may be applied to (3.10)
and (3.11) to give further integrability conditions:

£1AK, =0, £1A LAK,, =0, etc, (3.14)
and
£LAe” %K) = £L1A, LA (e ?*K) = 0, etc. (3.15)

These equations may be shown to require that the tensors R,,,, R and thelr covariant
derivatives with respect to V should be independent of the coordinate x*



On shear-free motion in general relativity 461

We may conclude that the equations (3.5), (3.10) and (3.11) together with those
obtained from them by repeated application of lemma 3 are the compatibility conditions
to be satisfied by u, and its covariant derivatives in order that a given space-time admit
a shear-free motion with four-velocity u,. They generalize the results obtained by
Pirani and Williams (1962) to the case when 6 # 0, showing explicitly the additional
terms depending on 6. Attempts to obtain explicitly a set of selected variables in terms
of which further derivatives may be algebraically expressed have proved unsuccessful
due to the presence of terms involving & and its first and second derivatives in the
integrability conditions (3.7), (3.12), (3.13).

4, Shear-free fluids

So far we have confined our attention to the kinematics of shear-free motion. We have
not specified the nature of the continuous medium under consideration nor any field
equations. We now apply the results of § 3 to the dynamics of a perfect fluid.

We therefore consider space-times which are required to satisfy Einstein’s field
equations:

Rab—%Rgab = _K’I;zb (41)

where the energy-momentum tensor T, is given in terms of the proper density g, the
pressure p and the four-velocity u, by

T;b = Hugly + phab ' (42)

We assume that the fluid has an equation of state 4 = u(p).
The conservation law T*,, = 0, gives

fi+(u+p) =0 4.3)
and
J—p“a
t,+—— =90 4.4
H+p 44

In terms of the index F, defined by Lichnerowicz (1955) as

dp
F(p) = ex J'———,
@ P H+p
they may be written in the form
1
£In F+l—70 =0 (4.5)
and
%+ L(nF), =0 (4.6)
with

=

I
Q-I [=N
o=
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On differentiating (4.4) we get
Pyjab+ Do+ Plhayp+ (1 + P)ysta + (1 +plagy, = 0. 4.7)

If we impose the conditions of shear-free motion, the terms u,, and a,;, are given by
(3.1) and (3.2). Taking spatial projection on both indices and antisymmetrizing we
obtain the integrability conditions for p,, which may be put in the form

lla
£(Fwg) = 0. (4.8)

Thus for perfect fluids undergoing shear-free motion the tensor Fw,, is constant along
any given stream line.

If in (4.7) we project one index spatially and contract the other with the four-velocity,
we obtain using (2.9) the result

£(ﬂa,) = .LBH,,+ Gaa. (49)

We may remark that the scalar ¢ introduced in § 3 for shear-free motion may be
shown to be determined by the energy density by the relation

1 du

b=3|-—.
u+p

4.1. Integrability conditions

Application of lemma 3 of § 2 to the integrability condition £(Fw,,) = 0, yields further
integrability conditions

£LA(Fa,) = 0. (4.10)

Others may similarly be obtained by repeated application of the lemma. These integra-
bility conditions together with those obtained in § 3 enable us to determine a set of
selected variables in which to express the compatibility conditions for shear-free motion
subject to the field equations (4.1) and (4.2).

From (2.10) and (4.8), equation (3.3) becomes

2 1y
Wap e = (5 - E) ewubuc + 2u[awb]daduc - %J-o i{a hb]c — D,

d a2
+ 20,0 — Upg Wy — LR pegtd” — 50U, (4.11)

Similarly from (2.9) and (4.9), equations (3.2) imply

6 1 1 A ) ]
Aye = =Wpe— | = L0+ | =+ (1 +p)| 0ty [u,+30h,
bl ) b I: I (/1 uz(# p)| b, 3V

4,2 d
= 2U 00" + 500U,y — A, + Opg0”,
- adadubuc + é’ezhbc - Rbacdu"ud. (4 12)

We have succeeded, in equations (4.11) and (4.12) in expressing g, and %,
essentially in terms of a set of variables

{sv}; = {u,, 2, w,, 6,0, 16,,,p}

together with the geometric quantities g,,, Rapcas Rypeajes .- - and so on, which must
satisfy the field equations. We may remark that since u is a specified function of p, u
and all its derivatives are determined once p is known.
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From the field equations we see that
Ryt = —4x(u+3p) and R = k(3p—u) (4.13)
s0 that the scalar K in (3.11) may be written as
K = —2{xp+300+Ga—02 +30u+3p)— A+ Poyw™

—[Ba+50% +3(u+ p)laya®}. (4.14)
It is then possible, using (3.11), to express & in terms of {sv},:
g = flkg +f209 +f3d‘J_9||c +f493 +f50wbcwbc +f66acac (4.15)

where the coefficients f, .. ., fi are functions of p, 1 and derivatives of u.
One of the integrability conditions for shear-free fluids that may be obtained from
4.10) is

£{e™2*W* LA(Fw,)} = 0, (4.16)
which on using the field equations reduces to

£{e " *F[(3n - 3)wab°‘b-%-1-0na]} =0
and this enables us to write

1 9 9 1 2
6Ha = (E—iﬁ)wa"uﬁ“b+0a,,)+§£(ln ﬂ)wabab+ l—i—g)e_l_ela —9aa—9ua (417)
where 8 is given by (4.15) and £(In 2) may be expressed in terms of 6, p, u and derivatives
of u. The formula (4.17) therefore expresses 8, in terms of {sv};.
The integrability conditions

£1A(e"2¢K) = 0

in (3.15) may be computed explicitly with the aid of the field equations. They can then
be expressed in the compact form

ALL0)y+ B+ Coped™ = 0 (4.18)

where the tensors 4, Band C are functions of the set {sv}, = {u,,a,, W, 6, §, p} together
with the geometric quantities of the metric. We may therefore in principle solve (4.18)
for 16, in terms of the new set of variables {sv},.

The tensor B,,a® contains a term in «°£ L R, ,ubu®. This may be expressed explicitly
in terms of {sv}, using the field equations and the integrability condition £K,. = 0.
Also C,,.0" has a term w™£ LR, ,,u’. To express this in terms of {sv}, we observe that
the shear-free condition and the integrability condition £(Fw,,) = 0 imply

f£e”*Fw,0™) =0
and hence
£LA (e *Flw,w™) = 0.

These two equations together with the integrability condition £ LA (Fw,,) = 0 enable
us to write w*£ 1 R, ,,u? in terms of {sv},.

We see therefore that the variables {sv}, enable us to express the compatibility
conditions for shear-free motion in the desired form. In other words it is now possible
in principle to express further derivatives of {sv}, algebraically in terms of {sv},.
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5. Discussion

The projection tensor is Lie transferred along the world lines of particles under rigid
motion. As a result the local rest spaces of particles may be associated with a three-
dimensional space which is in fact the quotient space of space-time over the world lines.
Our analysis shows that for shear-free motion, space-time is not in general the direct
product of a world line and a three-space. However we find that there is an associated
riemannian space conformal to space-time which now has a quotient space ¥ and the
metric of this three-space is found to differ from the projection tensor by 4 scalar factor.

The integrability conditions for shear-free motion obtained in this paper may be
seen from this point of view as requiring that all geometric objects constructed using
the metric of the quotient space ¥ should be three dimensional.

In the search for selected variables, we are not able to carry out the procedure
followed by Pirani and Williams when we restrict ourselves to the kinematics of the
motion. This is due to the presence of terms in the variable 8 with derivatives up to the
second order. However on applying the results to the dynamics of a perfect fluid, the
conservation law for the energy—momentum provides additional integrability conditions
which make it possible to carry out the program of obtaining explicitly a set of selected
variables.
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